In this paper we enumerate and classify the left braces of size p 2 q where p and q are prime numbers by the classification of regular subgroups of the holomorph of the abelian groups of the same order. We also provide the formulas that define the constructed braces.
Introduction
The study of the solutions to the set-theoretical Yang-Baxter equation (YBE) has started with [14] as a discrete version of the braid equation. We say that for a given set X and a function r : X × X → X × X, the pair (X, r) is a set-theoretical solution to the Yang-Baxter equation if (1) (id X × r)(r × id X )(id X × r) = (r × id X )(id X × r)(r × id X ) holds.
A particular family of solutions is the family of non-degenerate solutions, i.e. solutions obtained as (2) r : X × X −→ X × X, (x, y) → (σ x (y), τ y (x)),
where σ x , τ x are permutations of X for every x ∈ X. A particular case is given by non-degenerate involutive solutions, that is r 2 = id X×X . Non-degenerate solutions have been studied by several different authors [15, 16, 19, 27] . Rump introduced the notion of (left) brace, a binary algebraic structure providing examples of non-degenerate involutive solutions to YBE [22] . These algebraic structures have been generalized later to skew (left) braces by Guarnieri and Vendramin in [17] , which provide non-involutive non-degenerate solutions.
A skew (left) brace is a triple (A, +, •) where (A, +) and (A, •) are groups (not necessarily abelian) such that a • (b + c) = a • b − a + a • c holds for every a, b, c ∈ A. Left braces, or braces for short, are skew braces for which the additive group is abelian. A skew brace (A, +, •) is said to be a bi-skew brace if also (A, •, +) is a skew brace [11] .
The classification of skew braces is strictly related to the problem of finding non-degenerate solutions to (1) . Indeed, given an involutive non-degenerate solution as in (2) , the permutation group generated by {σ x : x ∈ X} has a canonical structure of left brace and in [6] it has been shown how to construct all the solutions with a given brace structure over the associated permutation group. Later, this approach was extended to skew braces in [5] . Therefore, in a sense, the study of the solution to (1) can be reduced to the classification of skew braces, since there is a way to construct all the solutions with a given permutation group endowed with a certain skew brace structure.
Recent progress on the classification problem for (skew) braces are, for instance: the classification of braces with cyclic additive group [23, 24] , skew braces of size pq for p, q different primes [1] , braces of size p 2 q for p, q primes with q > p + 1 [13] , braces of order p 2 , p 3 where p is a prime [4] , skew braces of order p 3 [20] and skew braces of squarefree size [3] .
In this paper we enumerate the left braces of size p 2 q and we also provide explicit formulas for braces. In a separate paper ( [2] ), we deal with the classification of skew braces of size p 2 q with non-abelian additive group.
Skew braces are also related to Hopf-Galois extensions as explained in [26] , since they are both in connection with regular subgroups of the holomorph of a group. The results of this paper have already been partially proved in [8] (the authors claim that the missing cases are the subject of a second paper in preparation), through the connection between skew braces and Hopf-Galois extensions.
We employ the same techniques we used in [1] , which are based on the algorithm for the construction of skew braces with a given additive group developed in [17] . Indeed, the algorithm allows to obtain all the skew braces with additive group A from regular subgroups of its holomorph Hol(A) = A ⋊ Aut(A). The isomorphism classes of skew braces are parametrized by the orbits of such subgroups under the action by conjugation of the automorphism group of A in Hol(A), [17, Section 4] .
The paper is organized as follows: in Section 2 we introduce all the necessary definitions and we explain the interplay between (skew) braces and regular subgroups and the techniques we are going to use to obtain the main results. In the subsequent sections we deal with the classification according to the relation between the primes p and q. The enumeration of the left braces is collected in the following table: # Section p = 1 (mod q), q > 2 2q + 5 § 3 p = 1 (mod q), q = 2 8 § 3.3 p = −1 (mod q) 5 § 4 q = 1 (mod p), q = 1 (mod p 2 ) p + 8 § 5 q = 1 (mod p 2 ) 2p + 8 § 6 p = 2, q = 1 (mod 4) 9 § 7 p = 2, q = 1 (mod 4) 11 § 8 p and q algebraically independent 4 § 9 Table 1 . Enumeration of left braces of size p 2 q.
In each section we also collect the enumeration results according to the algebraic properties of the braces in suitable tables.
In particular, our results provide an alternative proof to conjectures 6.2 and 6.3 posed in [17] , already proved in [25] and [13] . Moreover, we prove that there are 2 quaternion left braces of size 4p for p a prime number, providing a partial answer to [29, Problem 2.28 ].
Preliminaries
A triple (B, +, •) is said to be a skew (left) brace if both (B, +) and (B, •) are (not necessarily abelian) groups and a • (b + c) = a • b − a + a • c holds for every a, b, c ∈ B. Following the standard terminology for Hopf-Galois extensions, if χ is a group theoretical property, we say that a skew brace (B, +, •) is of χ-type if (B, +) has the property χ. Notice that, according to the standard terminology, skew (left) braces of abelian type are just called (left) braces.
A bi-skew brace is a skew brace (B, +, •) such that (B, •, +) is also a skew brace (see [11] ). Equivalently
holds for every x, y, z ∈ B, where x ′ denotes the inverse of x in (B, •). Given a skew brace (B, +, •), the mapping λ :
, is a homomorphism of groups and we denote its kernel as usual by ker λ.
Let (B, +, •) be a skew brace. A subgroup I of (B, +) is a left ideal of B if λ a (I) ≤ I for every a ∈ B. Every left ideal is a subgroup of (B, •). If a left ideal I is a normal subgroup of both (B, +) and (B, •) then I is said to be an ideal. A left ideal is clearly the set Fix(B) = {a ∈ B : λ x (a) = a for all x ∈ B}. Lemma 2.1. Let (B, +, •) be a finite skew brace of size p 2 q. Then (i) if p = ±1 (mod q) then the unique p-Sylow subgroup of (B, +) is an ideal. In particular, the p-Sylow subgroup of (B, +) and (B, •) are isomorphic. (ii) if q = 1 (mod p) then the unique q-Sylow subgroup of (B, +) is an ideal.
Proof. The groups of size p 2 q with p = ±1 (mod q) has a unique p-Sylow subgroup, therefore it is characteristic. If we denote by P the unique p-Sylow subgroup of (B, +), we have that for every x ∈ B, λ x (P ) = P . Since it has order p 2 , P is the unique p-Sylow subgroup of (B, •). Then it is an ideal. The same argument applies for (ii).
The following lemma will be used to compute the formulas of the multiplicative operation of skew braces through all the paper.
where we are using that λ a+b = λ a•b = λ b since a ∈ ker λ.
Skew braces and regular subgroups.
Recall that a group of permutations G acting on a set X is said to be regular if, for any x, y ∈ X, there exist a unique g ∈ G such that g(x) = y. The holomorph Hol(A) = A ⋊ Aut(A) of a group A can be embedded in the group of permutations on A. In fact, an element (a, f ) ∈ Hol(A) acts on A by (a, f ) · x = a + f (x) for all x ∈ A where the operation on A is written additively. So, a subgroup G of Hol(A) is said to be regular if the image of G in the group of permutations on A is regular.
In [17] , it has been shown that given a group (A, +) there exists a bijective correspondence between isomorphism classes of skew braces (A, +, •) and orbits of regular subgroups of Hol(A, +) under conjugation by Aut(A, +) identified with the subgroup 1 × Aut(A) ≤ Hol(A, +). 
Moreover, isomorphism classes of skew braces over A are in bijective correspondence with the orbits of regular subgroups of Hol(A) under the action of Aut(A) by conjugation.
We can construct all skew braces with additive group isomorphic to A by finding representatives of the orbits of regular subgroups under the action by conjugation of Aut(A) on Hol(A) using Theorem 2.3.
The connection between a regular group and the multiplicative group structure of the associated skew braces is the following. 
for every a, b ∈ A is a skew brace. In other words, λ a = π 2 (π −1 1 | G (a)) and so if Q is finite | ker λ| = |G| |π2(G)| .
Regular subgroups.
In this section we describe a method to search for regular subgroups of the holomorph of a given finite group A and we fix some notation and terminology. Such method is inspired by [21, Section 2.2]. Let In order to show that a subgroup G of the holomorph of A is regular we are using Lemma 2.5 or we are checking directly that the stabilizer of the identity is trivial. We will do it explicitly in Proposition 3.1 and Theorem 3.7 and in the sequel we will omit the computations.
We are going to apply the following two-step strategy to compute a set of representative of conjugacy classes of regular subgroups of Hol(A).
The first step is to provide a list of non-conjugate regular subgroups of the holomorph, according to some properties invariant under conjugation by elements of the subgroup 1 × Aut(A) in Hol(A). Let G be a subgroup of Hol(A), then the conjugacy class of π 2 (G) in Aut(G) and so in particular |π 2 (G)| is an invariant. The map π 2 is a group homomorphism and the size of the image of π 2 divides both |(A, +)| and |Aut(A, +)|, so it divides their greatest common divisor. If the image under π 2 is trivial, the associated skew brace is the unique trivial skew brace over A.
If two groups G and H have the same image under π 2 and they are conjugate by h, then h normalizes their image under π 2 and ker π 2 | G = h(ker π 2 | H )h −1 . Then the kernel with respect to π 2 can be chosen up to the action of the normalizer of the image of π 2 . Therefore, for the first step we need to:
• Find the greatest common divisor between |A| and |Aut(A)|.
• For each k dividing such greatest common divisor, find the conjugacy classes of subgroups of size k of Aut(A, +). In case Aut(A) is abelian, we have to compute all its subgroups of the desired size. • The kernel of π 2 is a subgroup of Hol(A) and it is contained in A × 1. So we need to find a set of representatives of the orbits of subgroups of size |A| k of A, under the action of the normalizer of the image of π 2 on A.
In order to show that two groups with the same image under π 2 and the same kernel are not conjugate, we need to introduce some ad hoc arguments, which depends on the particular structure of A and its automorphisms. The isomorphism class of the groups in the list of representatives of conjugacy classes can be easily deduced using the list of groups of size p 2 q and so we omit a proof of such isomorphisms.
The second step is to show that any regular subgroup is conjugate to one in the list computed in the first step. In particular, we need to describe the subgroups of Hol(A) according to the possible values of the invariants mentioned above.
Let {α i : 1 ≤ i ≤ n} be a set of generators of π 2 (G) and {k j : 1 ≤ j ≤ m} be a set of generators of the kernel of π 2 | G . The regular subgroup G can be presented as follows:
for some u i ∈ A. According to Lemma 2.5, u i = 1, since G is regular. We will call this presentation the standard presentation of G. Note that we can choose any representative of the coset of u i with respect to the kernel, without changing the group G (this is equivalent to multiply on the left the elements u i α i by elements of the kernel). Moreover, any generator can be multiplied by any element in G, without changing the group. We will use these operations to make computations easier without further explanation.
The group G has to satisfy the following necessary conditions, that will provide constrains over the choice of the elements u i :
(R) The generators {u i α i : 1 ≤ i ≤ n} satisfy the same relations as {α i : 1 ≤ i ≤ n} modulo ker π 2 | G (e.g. if α n i = 1 then (u i α i ) n ∈ ker π 2 | G ).
Given one of such groups, we can conjugate by the elements of the normalizer of π 2 (G) in Aut(A) that stabilizes the kernel of π 2 | G in order to show that G is conjugate to one of the chosen representatives.
2.3.
Notation. Through all the paper. We are using the following presentations for the two abelian groups of size p 2 q:
. We can identify the automorphisms of Z 2 p × Z q as M α where M is an invertible matrix in the basis σ, τ and α ∈ Z × q . Note that, in both cases, the Sylow subgroups are characteristic and therefore also normal in the holomorph.
If C is a cyclic group acting on a group G by ρ : C −→ Aut(G) and ρ(1) = f , then G ⋊ f C denotes the semidirect product semidirect product determined by the action ρ (which is uniquely determined by the image of the generators of C under ρ).
3. Left braces of size p 2 q with p = 1 (mod q)
In this section we assume that p and q are primes and that p = 1 (mod q), including the case q = 2, unless stated otherwise. We denote by B the subset of Z q that contains 0, 1, −1 and one out of k and k −1 for k = 0, 1, −1. In particular, |B| = q+3 2 . We denote by g a fixed element of order q in Z × p and by t a fixed element of order q in Z × p 2 . In Subsection 3.3, we deal with the special case q = 2. According to [7, Proposition 21.17] , the non-abelian groups of size p 2 q are the following:
The groups in item (ii) are parametrized by the set B since G k and G k −1 are isomorphic. In particular, there are q+3 2 isomorphism classes of such groups. We will take into account such isomorphism for the enumeration of skew braces according to the isomorphism class of their additive and multiplicative groups.
The following table collects the enumeration of left braces according to their additive and multiplicative groups. Table 2 . Enumeration of left braces of size p 2 q with p = 1 (mod q).
Note that for q = 3 we have that B = {0, 1, −1}, 2 = −1 and so in such case we have 2 skew braces of Z 2 p × Z q -type with multiplicative group isomorphic to G −1 .
3.1. Left braces of cyclic type. In this section we will denote by A the cyclic group Z p 2 q and we employ the notation as in Section 2.3 for the generators of the group and its automorphisms. If G is a regular subgroup of Hol(A), then |π 2 (G)| belongs to {1, q, p, pq}, since it divides |Aut(A)| = p(p − 1)(q − 1) and p 2 q. First, we see that there are not regular subgroups with |π 2 (G)| = pq. Proof. The unique subgroup of Aut(A) of size pq is generated by α = ϕ g(p+1),1 and the unique subgroup of order p of A is σ p . Assume that G is a subgroup of size p 2 q of Hol(A) with π 2 (G) = α . Then, the standard presentation of G is
Hence, α q ∈ G ∩ (1 × Aut(A)) and so, according to Lemma 2.5, G is not regular.
The following theorems hold under the more general condition that q = 1 (mod p) and it will be used also in the sequel. In particular, in these theorems q = 2 is allowed.
Proof. The unique subgroup of size p of Aut(A) is the subgroup generated by ϕ p+1,1 and A has a unique subgroup of size pq, namely σ p , τ . Assume that G is a regular subgroup of Hol(A) with |π 2 (G)| = p. Then G has the following standard presentation: 
Proof. According to [1, Corollary 1.2], we have that (4) defines a bi-skew brace. We prove that there exists just one such left brace. The unique subgroup of order q of Aut(A) is the subgroup generated by ϕ t,1 . The unique subgroup of order p 2 of A is generated by σ. Let G be a regular subgroup with |π 2 (G)| = q, then G has the following standard presentation:
. Therefore there exist a unique left brace with the desired properties up to isomorphism.
In the following table we summarize the results of this subsection. The columns refer to the isomorphism class of the multiplicative group. Table 3 . Enumeration of left braces of cyclic type of size p 2 q for p = 1 (mod q).
Left braces of
Remark 3.4. The automorphism of A of order p, q or pq acts trivially on its q-Sylow subgroup, since p and q does not divide q − 1. Hence, if G is a regular group of size p 2 q then the action of π 2 (G) on the q-Sylow subgroup of A is trivial.
It is a well-known fact that, up to conjugation the subgroups of order q of GL 2 (p) are generated by one of the matrices D s for s ∈ B (including the case q = 2). Notice that D is conjugated to D 0 .
The subgroups of order p of GL 2 (p) are the p-Sylow subgroups, and then they are all conjugate to the group generated by C.
A set of representatives of conjugacy classes of subgroups of order pq of GL 2 (p) is given by
Indeed, up to conjugation, we can assume that the p-Sylow subgroup of a group H of size pq is generated by C. Then the generator of order q is an upper triangular matrix, since it is in the normalizer of C and then we can assume that H is generated by C and by a diagonal matrix of order q which can be taken to be D s for 0 ≤ s ≤ q − 1 or D. Such matrices are not conjugate by the elements of the normalizer of C and so the correspondent subgroups are not conjugate.
In the following theorem we assume once more that q = 1 (mod p) as we did in Theorem 3.2. In particular, in these theorems q = 2 is allowed again.
Theorem 3.6. Let p, q be primes such that q = 1 (mod p). The unique left brace of A-type with | ker λ| = pq
Proof. Let G ≤ Hol(A) be a regular subgroup and let |π 2 (G)| = p. According to Remarks 3.4 and 3.5 we can assume that π 2 (G) is generated by C, up to conjugation. Therefore the group G has the following standard presentation:
The condition (K) implies that v ∈ σ and then G is abelian. Therefore both the additive and the multiplicative group of the left braces obtained by G are abelian, and so according to [10, Corollary 4.3] such left braces split as a direct product of a left brace of size p 2 and a trivial left brace of size q. According to the classification of left braces of size p 2 given in [4, Proposition 2.4] , there is just one non-trivial such brace and it leads to formula (5) . According to Lemma 2.1, the group (B, •) is isomorphic to A since its p-Sylow subgroup is elementary abelian.
Proof. The groups (7) H s = σ, τ, ǫD s ∼ = G s , for s ∈ B are not pairwise conjugated since their image under π 2 are not and |π 2 (H s )| = q. Let K = σ, τ and p :
Hence, according to Lemma 2.5 H s is regular.
We show that every regular subgroup G with |π 2 (G)| = q is conjugate to one of them. The kernel of π 2 | G is the p-Sylow subgroup of A and the image of π 2 | G is generated by an automorphism of order q. Then, according to Remarks 3.4 and 3.5, we can assume that the automorphism is given by D s for s ∈ B. Therefore
for some a = 0 since G is regular. Then G is conjugate to H s by the automorphism of Z q mapping ǫ to ǫ a −1 .
Let B s be the left brace associated to H s . Then σ, τ ∈ ker λ and ǫ ∈ Fix(B s ), so we can apply Lemma 2.2(ii), i.e.
Then (6) 
Proof. The image under π 2 of the group
2 −1 is in the stabilizer of 1, i.e. σ n+ m(m−1) 2 τ m ǫ l = 1. Therefore n = m = l = 1, so h = 1 and then, since |H| = p 2 q we have that H is regular. Let G be a regular subgroup of Hol(A) with |π 2 (G)| = pq. According to Remarks 3.4 and 3.5 we can assume that π 2 (G) = C, D s for some s. Then the group G has the following standard presentation
where v, u, w ∈ σ, τ . Checking condition (R) for (uǫ a C) p ∈ ker π 2 | G we have a = 0 and by condition (K)
where a = 0 since G is regular. Conjugating by the automorphism a −1 I of Z 2 p we can assume that a = 1. Therefore
and so b = 0 and conjugating by the automorphism b −1 of Z q we can assume that also b = 1. Since
Let B be the skew brace associated to the subgroup H. Then ǫ ∈ Fix(B) and σ ∈ ker λ, and so
Then (8) follows. If π 2 (G) = H then we can argue similarly checking the (R) and (K) conditions. From (9) we get that g 2 = 1, hence a contradiction.
The following table summarizes the results of this subsection. Table 4 . Enumeration of left braces of Z 2 p × Z q -type for p = 1 (mod q). Note that, for q = 3 we have that 2 = −1 (mod 3).
3.3. The case q = 2. In order to study the braces of size 2p 2 for p an odd prime, we prefer to analyze it as a special case. These results were obtained by Crespo in [12] . Following the same notation as in the previous sections, we have B = {0, 1}, g = −1 and t = −1. So the non-abelian groups are the following:
The enumeration of left braces we will get in this section is summarized in the following table. Table 5 . Enumeration of left braces of order 2p 2 .
Since Aut(Z 2p 2 ) = p(p − 1), we have that π 2 (G) divides 2p for every regular subgroup G of Hol(Z 2p 2 ). According to Proposition 3.1, |π 2 (G)| = 2p. By Theorem 3.2 there exists a unique left brace of cyclic type with | ker λ| = 2p and its multiplicative group is isomorphic to Z 2p 2 . By Theorem 3.3, there exists a unique skew brace of cyclic type with | ker λ| = p 2 and its multiplicative group is isomorphic to D 2p 2 . So the left braces of cyclic type are as in Table 3 .
If G is a regular subgroup of Hol(Z 2 p × Z 2 ), we have that |π 2 (G)| divides 2p. According to Theorem 3.6, we have a unique skew brace with | ker λ| = 2p and by Theorem 3.7 we have two braces with | ker λ| = p 2 since B = {0, 1}.
Proof. We can use the very same argument of Proposition 3.8. Let G be a regular subgroup of Hol(A) such that π 2 (G) = C, D s . Then, as in Proposition 3.8 we have G = σ, τ C, τ c ǫD s and so
. Then (−1) 1−s = (−1) s , and so it follows that −1 = 1 and so p = 2, contradiction. Hence, necessarily π 2 (G) = H. Using condition (R) and (K) we have that G is conjugate to the following group K = σ, τ C, ǫ D .
Using the same idea as in Proposition 3.8 we can show that the skew brace associated to G is given by (10) .
The following table summarizes this case: 4. Left braces of size p 2 q with p = −1 (mod q)
In this section we assume that p and q are odd primes such that p = −1 (mod q) and that H = x 2 + ξx+ 1 is an irreducible polynomial over Z p such that its companion matrix
has order q. According to [7, Proposition 21.17] , there exists a unique non abelian group of size p 2 q. Its presentation is given in [9] :
The enumeration of the left braces of size p 2 q with p = −1 (mod q) according to their additive and multiplicative group is the following: Table 7 . Enumeration of left braces of size p 2 q with p = −1 (mod q).
4.1.
Left braces of cyclic type. In this section we denote by A the cyclic group Z p 2 q . In this case, the size of π 2 (G) for a regular subgroup G of Hol(A) divides p. Since in this case q = 1 (mod p), we can apply Theorem 3.2 and so the enumeration of left braces of A-type is as in the following table.
| ker λ| Z p 2 q pq 1 p 2 q 1 Table 8 . Number of left braces of Z p 2 q -type of size p 2 q for p = −1 (mod q).
4.2.
Left braces of Z 2 p × Z q -type. Let A = Z 2 p × Z q and let G be a regular subgroup of Hol(A). Then the size of π 2 (G) divides p 2 q and |Aut(A)|, so divides pq since p = −1 (mod q). Proof. Let G be such a group, then ker π 2 is a normal subgroup of size p of G. Therefore G is not isomorphic to G F , since it has no normal subgroup of size p. On the other hand, G is not abelian since Aut(A) has no abelian subgroups of order pq. 
Proof. Let G be a regular subgroup of Hol(A) with |π 2 (G)| = q. Any automorphism of order q of A acts trivially on the q-Sylow of A. Up to conjugation, we can assume that π 2 (G) is generated by F . Therefore,
where a = 0 since G is regular. We can conjugate G by the automorphism taking ǫ a to ǫ and fixing σ and τ , so we can assume that a = 1. It is straightforward to verify that such group is regular. Let B be the left brace associated to G. We have σ, τ ∈ ker λ and ǫ ∈ Fix(B) and then B = ker λ + Fix(B). So, formula (11) follows by Lemma 2.2.
According to Theorem 3.6 there exists a unique non trivial left brace of size p 2 q with the | ker λ| = pq. Hence we have the following enumeration: Table 9 . Enumeration of left braces of Z 2 p × Z q -type for p = −1 (mod q).
5.
Left braces of size p 2 q with q = 1 (mod p)
In this section we will assume that q = 1 (mod p) but q = 1 (mod p 2 ). Also we assume p > 2, and we deal with the case p = 2 in Section 7. If we denote by r a fixed element of order p in Z × q , then the non-abelian groups relevant for this section are the following, [7, Proposition 21.17]:
We summarize in the following table the enumeration of skew braces according to the additive and multiplicative isomorphism class of groups. Table 10 . Enumeration of left braces of size p 2 q with q = 1 (mod p) and q = 1 (mod p 2 ).
5.1.
Left braces of cyclic type. Let A denote the cyclic group Z p 2 q . If G is a regular subgroup of Hol(A) then |π 2 (G)| ∈ {1, p, p 2 }. The group Aut(A) has a unique p-Sylow subgroup, which is generated by ϕ p+1,1 and ϕ 1,r , which is elementary abelian. So the subgroups of order p in Aut(A) are (12) ϕ p+1,1 and ϕ jp+1,r where 0 ≤ j ≤ p − 1. Proof. Let G be such group. The image by π 2 of G is the unique p-Sylow subgroup ϕ p+1,1 , ϕ 1,r of Aut(A). The unique subgroup of A of size q is τ , therefore G has the following standard presentation:
The group π 2 (G) is elementary abelian and so, by the (R) conditions we have a, b = 0 (mod p). Hence, π 1 (G) ⊆ σ p , τ and so G is not regular, contradiction.
Proposition 5.2. The left braces of cyclic type of size p 2 q with | ker λ| = pq are B α,γ = (A, +, •) for
for every 0 ≤ n, s ≤ p 2 − 1 and 0 ≤ m, t ≤ q − 1. In particular,
Proof. The groups
for 0 ≤ j ≤ p − 1 are regular subgroups and they are not conjugate, since their image under π 2 are not. Let G be a regular subgroup with |π 2 (G)| = p, then π 2 (G) is one of the groups in (12) . If π 2 (G) = ϕ p+1,1 we can argue as in the proof of Theorem 3.2 and the associate brace is B 1,0 .
Assume that π 2 (G) = ϕ jp+1,r for some 0 ≤ j ≤ p − 1. Then the kernel of π 2 is the unique subgroup of order pq, namely σ p , τ and so G has the following standard presentation:
where a = 0 since G is regular. Then, G is conjugate to G j by ϕ a −1 ,1 . Let B j,1 be the left brace associate to G j . Then, since τ, σ p ≤ ker π 2 and σ • σ • . . . • σ n = σ n(n−1)p 2 +n = σ n(n−1)p 2
• σ n we have that λ σ n τ m = λ τ m •σ n = λ σ n = λ n σ = ϕ n jp+1,r and so the formula in the statement follows.
We summarizes the results of this subsection in the following table: Table 11 . Enumeration of left braces of cyclic type of size p 2 q for q = 1 (mod p) and q = 1 (mod p 2 ).
Left braces of
In this section we denote by A the group Z 2 p × Z q and by C the matrix defined in Remark 3.5. for every 0 ≤ n, m, s, t ≤ p − 1 and 0 ≤ l, u ≤ q − 1. In particular,
Proof. Let G ≤ Hol(A) be a regular subgroup with |π 2 (G)| = p. Then, up to conjugation the image π 2 (G) is generated by r i C j , for i, j ∈ {0, 1} and (i, j) = (0, 0). The kernel of π 2 | G has order pq, so ker π 2 | G = ǫ, v for some v ∈ σ, τ . Therefore we have the following standard presentation:
for some u ∈ σ, τ . If (i, j) = (0, 1) we can argue as in the proof of Theorem 3.6 and then the formula for this case follows. Assume that (i, j) = (1, 0). Then, up to conjugation by an element of GL 2 (p) we can assume that v = σ and u = τ .
Consider now the case (i, j) = (1, 1). By condition (K) we have v ∈ σ and then
for a = 0. We can assume a = 1, otherwise we conjugate by a −1 Id. Let B i,j be the skew brace associated to G i,j . In the last two cases, we have that λ σ n τ m ǫ l = λ τ m = λ m τ , since σ, ǫ ∈ ker π 2 and λ τ (τ ) = τ (mod σ ). Then the claim follows. Let G ≤ Hol(A) be a regular subgroup and let |π 2 (G)| = p 2 . Then, up to conjugation we have that π 2 (G) = C, r . Hence the group has the standard presentation G = ǫ, uC, vr , for some u, v ∈ σ, τ . The (R) conditions imply that v ∈ σ , and so G u = ǫ, uC, σ m r where m = 0 and so conjugating by m −1 I allows us to assume m = 1. If u = σ s then s = 0 since G u is regular and (σ s C) −s −1 σr = C −s −1 r ∈ G. Hence, by Lemma 2.5 G u is not regular, contradiction. Then u = σ s τ t for some t = 0 and we can conjugate by C − s t to assume that u = τ t . If t = x 2 for some x then
Let B s be the skew brace associated to G s . Then λ σ | σ,τ =id| σ,τ and so λ σ n = λ n σ according to Lemma 2.2. Moreover we have that (13) τ s • · · · • τ s l = σ s l(l−1)
for every l ∈ N. Hence, using (13) and that λ σ (τ ) = τ it follows that
Hence, the formula for the operation • follows.
We summarize the contents of this subsection in the following table: Table 12 . Enumeration of left braces of Z 2 p × Z q -type of size p 2 q for q = 1 (mod p) and q = 1 (mod p 2 ).
6. Left braces of size p 2 q with q = 1 (mod p 2 )
In this section we assume that q = 1 (mod p 2 ) where p is and odd prime. We will denote by h a fixed element of order p 2 in Z × q . Accordingly, we have the following non-abelian groups of size p 2 q [7, Proposition 21.17]:
We summarize in the following table the total number of left braces according to the additive and multiplicative isomorphism class of groups that we will obtain in this section. Table 13 . Enumeration of left braces of size p 2 q with q = 1 (mod p 2 ).
6.1. Left braces of cyclic type. In this section we denote by A the cyclic group of size p 2 q. The size of the image of π 2 of regular subgroups of Aut(A) divides p 2 .
Lemma 6.1. The subgroups of size p 2 of Aut(A) are
Proof. Every subgroup of size p 2 in Aut(A) embeds into the subgroup of the elements of order at most p 2 of Aut(A), which is generated by ϕ p+1,1 and ϕ 1,h and such group is isomorphic to Z p × Z p 2 . According to [28, Theorem 3.3] , the group Z p × Z p 2 has p + 1 subgroups of size p 2 . The subgroups ϕ p+1,1 , ϕ 1,h p and ϕ jp+1,h for 0 ≤ j ≤ p − 1 are p + 1 distinct subgroups of size p 2 .
We will need this lemma in the following proposition.
Lemma 6.2. The mapping
is a bijection for every 0 ≤ j ≤ p − 1.
Proof. Clearly, we have f j (m) = m (mod p) and we can prove inductively that f j (m + kp) = f j (m) + kp.
Since every element in Z p 2 is of the form m + kp for suitable m, k then f j is surjective. 
for 0 ≤ j ≤ p − 1 are regular and they are not conjugate since their image under π 2 are not. According to Lemma 6.1, we have the following cases:
(i) π 2 (G) = T : arguing as in Proposition 5.1, there are no regular subgroups with this projection.
(ii) π 2 (G) = H j : in this case a standard presentation of G is
where a = 0 since G is regular. Then G is conjugate to G j by ϕ a −1 ,1 .
Let (B j , +, •) be the left brace associated to G j , then
where f j is defined as in Lemma 6.2. Therefore
and so the formula follows.
For the case |π 2 (G)| = p, the subgroups of size p of Aut(A) are the same as in the Subsection 5.1 and so we can argue as in Proposition 5.2 and then we have p + 1 left braces of A-type with | ker λ| = pq.
We summarize the contents of this subsection in the following table: Table 14 . Enumeration of left braces of cyclic type of size p 2 q for q = 1 (mod p 2 ).
6.2.
Left braces of Z 2 p × Z q -type. In this section we denote by A the group Z 2 p × Z q . The size of the kernel of λ of non trivial left braces of A-type is either q or pq. The conjugacy classes of subgroups of size p of Aut(A) are the same as in the case q = 1 (mod p) and therefore, if | ker λ| = pq we are in the same situation as in Proposition 5.3.
Up to conjugation, the subgroups of order p 2 of Aut(A) are C, h p and C l h where l = 0, 1 and C is as in Remark 3.5. If G is a regular subgroup of Hol(A) with π 2 (G) = C l h then G = ǫ, vC l h , for some v = σ a τ b . Then (vC l h) p = vC l (v)C 2l (v) . . . C (p−1)l vC pl h p = h p ∈ G So, according to Lemma 2.5 G is not regular. Otherwise, if π 2 (G) = C, h p , we can argue as in Proposition 5.4 and therefore it provides a description of skew braces of A-type with | ker λ| = q.
Hence, the enumeration of left braces of A-type of size p 2 q for q = 1 (mod p 2 ) is as in Table 12. 7. Left braces of size 4q with q = 1 (mod 2).
We consider here the case q > 3 prime. The results contained in this section and in Section 8 are contained in the work of Dietzel (cf. [13, Theorem 5] ). We assume that q = 1 (mod 2) (since it is an odd prime) but q = 1 (mod 4). According to [18, Proposition 2.1] , the non-abelian groups of size 4q for q > 3 are:
, the dihedral group of order 4q, and
For q = 3, the non-abelian groups of order 12 are Z 2 × (Z 3 ⋊ −1 Z 2 ), Z 3 ⋊ −1 Z 4 and A 4 , the alternating group on 4 letters. The corresponding braces are implemented on the YangBaxter package on GAP, [30] , so we decided to drop this special case.
The enumeration of left braces we will get in this section is summarized in the following table. Table 15 . Enumeration of left braces of order 4q with q = 1 (mod 2) and q = 1 (mod 4).
7.1.
Left braces of cyclic type. In this subsection A will denote the cyclic group of order 4q. Since Aut(A) has order 2(q − 1), if G is a regular subgroup then |π 2 (G)| divides 4. The automorphism group has a unique subgroup of order 4 which is generated by ϕ −1,1 and ϕ 1,−1 and it is isomorphic to Z 2 × Z 2 . So it has three non conjugated subgroups of size 2, generated by ϕ (−1) i ,(−1) j for (i, j) ∈ {(1, 0), (1, 1), (0, 1)}. (1, 1) , (0, 1)} are regular and they not pairwise conjugate since their are not isomorphic.
As we mentioned above, if G is a regular subgroup, then π 2 (G) = ϕ (−1) i ,(−1) j for (i, j) ∈ I. Let assume that π 2 (G) is generated by ϕ 1,−1 , so G has the following standard presentation:
Since G is regular, then a = 0. If a = 2 then σ 2 σ 2 ϕ 1,−1 = ϕ 1,−1 ∈ G and so G is not regular. So we can assume that a = 1. So G = G 0,1 . Since τ ∈ ker π 2 and ϕ 1,−1 (σ) = σ, the skew brace B 0,1 associated to G 0,1 is given by ker λ + Fix(B 0,1 ). Then according to Lemma 2.2, we have that λ τ n σ m = λ τ n •σ m = λ σ m = λ m σ . Therefore the formula for B 0,1 follows.
The other two cases are analogous, so we avoid the computations. 
Proof. The group
is regular. Let G be a regular subgroup of Hol(A) with |π 2 (G)| = 4. We show that is it conjugated to H. Since the only subgroup of size q of A is generated by τ , we have that G has the following standard presentation G = τ, σ a ϕ 1,−1 , σ b ϕ −1,1 for some 1 ≤ a, b ≤ 3. By checking the conditions (K) we have that a = 2. If b = 2 then σ 2 ϕ 1,−1 σ 2 ϕ −1,1 = ϕ 1,−1 ϕ −1,1 ∈ G and so G is not regular. Hence, up to conjugation by ϕ −1,1 , we can assume that b = 1, and so G is conjugated to H. The formulas in the statement define a left brace with the desired properties, and therefore it is isomorphic to the one associated to the unique regular subgroup G with |π 2 (G)| = 4.
We have the following table with the left braces of cyclic type: Table 16 . Enumeration of left braces of cyclic type of size 4q with q = 1 (mod 2) and q = 1 (mod 4).
7.2.
Left braces of Z 2 2 × Z q -type. In this subsection, A will denote the abelian group Z 2 2 × Z q . Up to conjugation, Aut(A) has an unique subgroup of order 4 which is isomorphic to Z 2 × Z 2 and it is generated by C = 1 1 0 1 and η = −1. So, there are three possible subgroups of order 2 up to conjugation, namely the subgroups generated by C i η j for (i, j) ∈ {(1, 0), (1, 1), (0, 1). Proof. By the discussion above and the fact that A has an unique subgroup of order q, say ǫ , then G has the following standard presentation: 
for (i, j) ∈ {(1, 0), (0, 1), (1, 1)} are regular and they are not pairwise conjugated since they are not isomorphic.
Let G be a regular subgroup of Hol(A) with |π 2 (G)| = 2. The kernel has size 2q, so in all the cases we have that N GL2(2) (C) ≤ N Aut(A) (π 2 (G)), so up to conjugation we can assume that the kernel is generated by {σ, ǫ}, {τ, ǫ} or {στ, ǫ}.
Suppose that π 2 (G) = η . Since every element in GL 2 (2) centralizes η we have that the kernel is generated by σ and ǫ up to conjugation. So G is conjugated to G 1,0 . Let B 1,0 denotes the left brace associated to G 1,0 . Since σ, ǫ ⊆ ker λ and τ ⊆ Fix(B 1,0 ), we have that B 1,0 = ker λ + Fix(B 1,0 ). Hence, using Lemma 2.2, the formula follows.
For the case π 2 (G) = C , the normalizer of π 2 (G) is the subgroup generated by C itself. So, we have two possible kernels: {σ, ǫ} and {τ, ǫ}. The first one gives us G 0,1 and the second leads to the standard presentation G = τ, ǫ, σC . Condition (K) shows a contradiction.
If π 2 (G) = C, η we can argue in the same fashion and also the formulas follow by the same argument as the first case.
The following table summarizes the results of this subsection. In this section we consider the skew braces of order 4q for q = 1 (mod 4). The non-abelian groups of order 4q are the same as in Section 7 but we have one extra group given by:
where ξ is an element of order 4 in Z × q , [18, Proposition 2.1]. The enumeration of left braces we will get in this section is summarized in the following table. Table 18 . Enumeration of left braces of order 4q with q = 1 (mod 4).
8.1. Left braces of cyclic type. In this subsection we denote by A the cyclic group of order 4q. The automorphism group of A has size 2(q − 1), so the size of the image of every regular subgroup under π 2 divides 4. The group Z × q contains an element ξ of order 4 since q = 1 (mod 4) and clearly ξ 2 = −1. The subgroup of Aut(A) ∼ = Z 2 × Z × q containing the elements of order at most 4 is generated by ϕ −1,1 and ϕ 1,ξ and it is isomorphic to Z 2 × Z 4 . The subgroup of elements of order 2 of Aut(A) is generated by ϕ −1,1 and ϕ 1,−1 , so it is the same we considered in Subsection 7.1, and then the left braces with | ker λ| = 2q are as in Lemma 7.1.
On the other hand, we have three subgroups of Aut(A) of order 4: ϕ 1,−1 , ϕ −1,1 , ϕ 1,ξ and ϕ −1,ξ . Proof. The groups G 1 = τ, σ 2 ϕ 1,−1 , σϕ −1,1 ∼ = Z 2 × (Z 3 ⋊ −1 Z 2 ) and G 2 = τ, σϕ 1,ξ ∼ = Z q ⋊ ξ Z 4 .
are regular and they are not conjugate, since they are not isomorphic. Let G be a regular subgroup of Hol(A) with |π 2 (G)| = 4. The group A has a unique subgroup of order q which is generated by τ . We have three cases. If π 2 (G) = ϕ 1,−1 , ϕ −1,1 , then Lemma 7.2 applies and we get the brace B 1 . If π 2 (G) = ϕ 1,ξ , then a standard presentation for G is G 2 , the associate brace is B 2 and according to [1, Proposition 1.1] B 2 is a bi-skew brace. If π 2 (G) = ϕ −1,ξ , then a standard presentation for G is G = τ, σϕ −1,ξ .
Since (σϕ −1,ξ ) 2 = ϕ 2 −1,ξ = ϕ 1,−1 ∈ G, then G is not regular by Lemma 2.5. The following table summarizes the left braces we obtained in this subsection. Table 19 . Enumeration of left braces of cyclic type of size 4q with q = 1 (mod 4).
8.2.
Left braces of Z 2 2 × Z q -type. In this section A will denote the group Z 2 2 × Z q . As in Subsection 7.2 we consider the subgroup of Aut(A) ∼ = GL 2 (2) × Z × q containing the elements of order at most 4, which is generated by C and ξ. Such subgroup is isomorphic to Z 2 × Z 4 and it has three subgroups of order 4.
If G is a regular subgroup with |π 2 (G)| = 2, then Lemma 7.4 applies. Proof. If G is a regular subgroup of Hol(A) with |π 2 (G)| = 4, then the kernel is generated by ǫ. If π 2 (G) = C, ξ 2 , then the same argument of Lemma 7.3 applies and we get a contradiction. If π 2 (G) = ξ , then G has the following standard presentation G = ǫ, σ a τ b ξ . Then (σ a τ b ξ) 2 = ξ 2 ∈ G and so G is not regular. If π 2 (G) = Cξ , then G has the following standard presentation G = ǫ, σ a τ b Cξ ∼ = Z q ⋊ ξ Z 4 . If b = 0 then (σ a Cξ) 2 = ξ 2 ∈ G and so G is not regular. Then b = 1 and, up to conjugation by C, we can assume that a = 0. The group G is regular. Hence, in the associated brace B, we have τ • τ = τ C(τ ) = σ and so λ σ = λ 2 τ = ξ 2 . Then λ ǫ n σ m τ l = λ ǫ n •σ m •τ l = λ m σ λ l τ since l = 0, 1 and the formula follows.
The following table summarizes the left braces we obtained in this subsection. Table 20 . Enumeration of left braces of Z 2 2 × Z q -type of size 4q with q = 1 (mod 4). 9 . Left braces of size p 2 q with p, q algebraically independent Let p, q be primes. If none of the following congruences holds p = 1 (mod q), p = −1 (mod q), q = 1 (mod p), q = −1 (mod p), then p and q are said to be algebraically independent. In such case, the only groups of size p 2 q are the abelian ones, Z p 2 q and Z 2 p × Z q , [7, Proposition 21.17] . The size of the kernel of λ of any non-trivial brace is pq. Applying Theorems 3.2 and 3.6 we have the following table: Table 21 . Enumeration of left braces of size p 2 q with p and q algebraically independent.
